Abstraet--A method is described for modifying the velocity field in geophysical fluid models so as to enforce the continuity equation. A corrective mass flux is introduced, which derives from a scalar potential, The latter is the solution of a Poisson problem which is formulated in such a way that a suitable lmrm of the corrective velocity be minimum. It is seen that a generalised vertical coordinate may be used. Finally, an elementary, one-dimensional illustration of the functioning of the method suggested is provided. (~)
INTRODUCTION
Numerical models of geophysical fluid flows often include routines for simulating the fate of dissolved constituents. Typically, the concentration of such a constituent obeys an advection/diffusion partial differential equation. A numerical algorithm for estimating the solution of an equation of this type is unlikely to be accurate if the density and velocity fields do not satisfy exactly the associated discrete version of the continuity equation--which is obtained by assuming that the concentration under study is equal to a constant at every time and location in the computational domain. In certain numerical models (e.g., [1] ), the procedure for estimating the velocity field is such that this condition is not identically met. As a consequence, prior to computing the concentration of dissolved constituents, a corrective velocity must be introduced so as to enforce the continuity equation. This is explained in mathematical terms below.
Let t denote time; 2 and ~ represent horizontal Cartesian coordinates, while 5 is the vertical Cartesian coordinate. If p and fi = (~2, 9, ~) denote the fluid density and the velocity--the components of which are given in the Cartesian reference frame--predicted by the equations of 
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The error ~ should be zero. If this is not the case, a correction to the velocity, fi' = (~', 5', ~'), must be evaluated a posteriori so that the modified velocity field, fi + fi' = (fi + ~', 5 + 5', ~ + ~'),
Of course, it is fi + fi' which must be used to compute the concentration of dissolved constituents. Combining equations (1) and (2) yields
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Herein a method is outlined for calculating the components of the corrective velocity which is based on the assumption that an appropriate norm of the corrective mass flux, fi', should be as small as possible. Since a large fraction of geophysical fluid models resort to a non-Cartesian vertical coordinate, it is desirable to first reformulate the problem to be tackled in a coordinate system including a generalised vertical coordinate.
GENERALISED VERTICAL COORDINATE
A generalised vertical coordinate may be introduced as part of the following transformation of the independent variables (e.g., [2, 3] ): 
Using relations (4)-(9), it may be seen that equations (1)- (3) 
with e = g&
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OPTIMIZATION PROBLEM
Clearly, the corrective velocity should be as small as possible. This is why it is suggested that it be evaluated in such a way that an appropriate norm of it be as small as possible. Let R and F represent the domain of interest and its boundary in the transformed space. As will be seen, the following norm is suitable:
n(gp)2 df~ where dR = dx dy dz. For the integral above to be valid, it is necessary that w ~ have the dimension of a velocity, which requires that the transformed vertical coordinate z have the dimension of a len~h. In addition, for the contributions to the norm V of the vertical and horizontal motions to be of a similar order of magnitude, it is desirable that the typical height of R be of the same order of magnitude as its horizontal size. For instance, a vertical coordinate satisfying these conditions is easily obtained from the classical sigma-coordinate [4] by multiplying the latter by a constant scaling factor, the value of which is the order of magnitude of the typical horizontal size of the domain of interest.
As g and p are not affected by the procedure for correcting the velocity field, the minimum of V is obtained when the minimum of the integral 
I = ~ ]gpu'] 2 dR
Moreover, substituting (15) into (14) and using the del operator, the integral to be minimized may be written as
It is appropriate to assume that the boundary F of the domain of interest consists of two parts, F n and F d. On the former, the normal velocity is imposed, so that the normal component of the corrective velocity must be zero. Hence, the boundary condition to be applied on F n is a Neumann one which reads n. V¢ = 0,
where n is the unit outward normal vector to the boundary of the domain of interest. For instance, an impermeable surface belongs to the boundary fraction called F ~. On the other hand, on F d, 87"0 E. DELEERSNIJDER no constraint applies to the corrective velocity. As a result, this part of the boundary of the domain may be seen as "open". In other words, on F d , the Dirichlet boundary condition
¢ = e (20)
may be prescribed while bearing in mind that function • is a priori unknown.
To summarize, the optimization problem to be solved is as follows: the function ~ is to be determined so that the potential ¢ satisfying Poisson equation (17) 
in f~, and on F ~, respectively. Obviously, 7 is defined unambiguously by relations (22)- (24), whereas r~ possesses degrees of freedom since its value on F d , which is in fact ~5 is not prescribed a priori. Thus, the optimization problem to be solved may be reformulated as follows: given relations (21)-(24), • is to be determined in such a way that function ~1 renders the integral (18) minimum while satisfying Laplace equation (25) in f~ and boundary condition (26) on F n. Substituting (21) into (18) yields
Integrating by parts and using the divergence theorem, it is readily seen that J may be transformed to
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By virtue of (26), (24), and (25), n. VT/= 0 on F '~, 7 = 0 on pd, and V2~ = 0 in ~t, respectively. Hence, the three contributions to integral J exhibited in (29) are zero, so that
In other words, V7 is "orthogonal" to V~ over the domain of interest ~. Therefore, integral I simplifies to I--£ (IvTI 2 + Iv l 2) da,
an expression which is minimum if and only if V~ is zero at every location in ~t. Thus, function must be equal to a constant, which is consistent with the relations (25),(26) that 71 must satisfy. Finally, the constant value of V may be assumed to be zero, since only the gradient of the scalar potential has an impact on the corrective velocity. As a consequence, for the minimum of integral I to be achieved, ¢ must be equal to 7, implying that function (I) must be zero. Hence, on F d, the Dirichlet boundary condition to be enforced is
According to the developments above, the corrective velocity may be obtained by solving the following Poisson problem: 
ILLUSTRATION
An elementary illustration of the approach suggested in the present article is provided below. Assume that p and 9 are constant and that all variables are scaled to appropriate dimensionless forms. In a one-dimensional flow with constant density, the velocity must be constant. This is the only type of flow that guarantees that the error e is zero at any location of the computational domain. However, if the velocity is u(x) = x,
the error is e = -1.
Hence, a corrective velocity u'(x) is to be introduced. Obviously, the "divergence" of the latter must be The same result must be obtained by solving the differential problem for the potential ¢, which
¢(x = 0) = 0 = ¢(x = 1),
the corrective velocity being related to ¢ by d¢ u'(x) : ~.
It is readily seen that the solution of (42),(43) is 
which is consistent with (47).
so that 
